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1 Introduction

Gabaix and Landier (2008) propose a simple competitive assignment model to explain
CEO compensation. They assume that CEOs have heterogeneous talent levels and are
assigned to firms competitively. The managerial impact of a CEO’s talent increases with
the value of the firm under his control. Under these assumptions, they find that the best
CEO (a CEO with the most talent) has the highest marginal productivity in the largest
firm, and the largest firm will pay the highest wage. Simply stated, the best CEO goes
to the largest firms and a CEQ’s pay increases with the size of a firm and of an average
firm in the economy. Their empirical findings support these predictions.

In this paper, I explore the matching pattern in the market for corporate directors. To
that purpose, I analyze board profile of 250 U.S. firms among Fortune 500 firms in 2005.
Then, I rank all ongoing and retired CEOs who are working as outside directors on boards
based on the size of a firm. Suppose that A, an outside director on boards of Wal-Mart
is an ex-CEO of GM. The quality of A is measured by the size (market capitalization)
of GM. If GM is the largest firm in my data set, A director is the best candidate in a
director market. Similarly, the quality of a firm (say, Wal-Mart) is measured by the size
(market capitalization) of a firm.

There are some stylized facts in the market for corporate directors. First, the average
quality of boards' is not significantly different with the size of a firm. For instance, the
average director of GE is from a similar-sized firm as GE. Second, the quality of boards
is higher at those firms with larger market capitalization, which implies that (ongoing or
retired) CEOs of big firms also work at big firms as outside directors. (See Lee (2007b))
Third, the quality of directors on the same boards is very dispersed. For instance, seven
outside directors on boards of the upper 10% ranked firms (very big firms in my sample)
are ongoing or retired CEQ’s, and their quantile is 8%, 19%, 22%, 31%, 33%, 40% and
43%. Similarly, the quantile of seven outside directors on boards of 60% ranked firm is
58%, 65%, 67%, 69%, 76%, and 82%. Finally, the talented directors (CEOs of relatively
big firms) serve as outside directors on firms smaller than their original firms. My data
shows that the quality of upper 0% ~25% ranked directors is significantly higher than the
quality of matched firms. Also, the best director of each firm tends to be the CEO’s of
more large firms. For instance, the best director on boards of Target is from a bigger
firm than Target. (See Table 1-A and 1-B)

! The average quality of boards is calculated as follows: suppose that there are three outside directors
(A, B, and C) on boards of GE. Then,

the average quality of GE boards

the size of A’s own firm+B’s own firm+C’s own firm
3

I test the equality of matched pairs of observations (the average quality of boards and the size of a firm)
by using "signtest" and "signrank" command in Stata.



Table 1 Descriptive statistics for the quality of directors

. The qualitv of directors on 266 firms’ boards among Fortune 500 U.S
Sfirms in 2005
. Proxy for the quality of boards and firms.: the market capitalization
. All values are in $million
The quality of directors The quality of firms
Mean 82,399 82,649
Standard deviation 178,435 178,054
Max 1421862 1626213
Min 36.04 936.84
25% 06908.75 15208.44
50% 24701.89 28804.5
75% 63509 69040.79
. The average quality of boards is the averaged quality of directors on the
same boards
. The “signrank” and “signtest” show that the average quality of boards is

neither significanily higher nor lower than the quality of firms.

The average quality of boards The quality of firms

Mean 84,740 106,444
Standard deviation 122,331 214,810
Max 786,867 1626,213
Min 1006.19 3659
25% 21,721 19,234
50% 41,550 35,397
75% 105,962 84,637

The main goals of this paper are (1) to explain "why do the high-ability CEO’s often
work at bad (not too bad) firms as outside directors?" and (2) to make a "calibratable
model" which could produce quantitative predictions for the matching in the market
for corporate directors. To this purpose, I construct an intertemporal searching and
matching model ("take it or leave it offer") in a frictional directorship market under
four main assumptions: (1) the candidates for outside directors want to maximize their
reputation value which depends on the size of a firm;? (2) there is no wage competition
or wage bargaining in a director market. It naturally follows that the firms simply

prefer highly qualified directors; (3) the outside director positions are randomly opened

*Hambrick and Johnson (2000) said "The majority of outside directors are fully motivated to act
conscientiously and vigorously by forces other than a financial stake in the firm: their sense of profes-
sionalism, concern for their reputations and stature, and the threat of lawsuit." (Colley and Stettinius
(2003), page 61)



over the time, and (4) the potential candidates for outside directors and firms have
heterogeneous quality levels and both sides only care about quality, not price. Also,
a candidate considers his quality ranking in order to compare the value of accepting a
favorite offer at present to the value of waiting for a better offer in the future.

Under a certain assumption, there is the possibility that highly qualified candidates
are matched with bad (not too bad) firms. The best candidate would be willing to
accept an offer from the lower 40% firm (e.g., 300th best of 500 firms) under the uniform
distribution of a firm, and from the lower 46% (e.g., 280th best of 500 firms) under Gabaix
and Landier (2008)’s extreme value distribution. Also, the 25th ranked candidate, for
instance, would be willing to accept an offer from the lower 25% firm under the uniform
distribution, and from the lower 30% under the extreme value distribution. Put all
together, the high-ability directors, the 1st™25th ranked ones, would be willing to accept
an offer from lower 25%740% (30% ~46%) firms. This calibration approximately explains
the matching pattern in the sample of high-ability directors. Table 2 shows the case of
unbalanced matching between high-ability directors (CEO’s of relatively big firms) and
bad firms (relatively small firms) in my sample. For instance, the 5th ranked director
is matched with the lower 47% firm, the 32th ranked one with the lower 26%, and
the 43th one with the lower 20% firm. Overall, the highly qualified candidates (the
1st725th ranked directors, upper 0%~ 5% in my sample) are sometimes matched with
lower 25%749% ranked firms, and, more broadly, the 1st50th ranked directors (upper
0%710% in my sample) with lower 20%~49% firms.

Table 2 the case of unbalanced matching between high-ability directors (CEO’s of
relatively big firms) and bad firms (relatively small firms) in my sample

. All directors here are upper 0%~10% ranked directors in my sample
. The quantile of matched firins is the lower quantile value in my sample

The rank of The quantile of matched firms

directors
5 lower 0.47
6 0.25
21 0.49
32 0.20
33 0.28
34 0.27
37 0.33
38 0.36
39 0.43
43 0.20
47 0.34




There might be three alternative ways to explain these observed facts. First, we can
argue that negative matching would take place in the market for corporate directors. The
potential directors might want to work at low-valued firms because they like "importance"
or "influence" in the firms. Lee (2007b), however, finds that the matching pattern is
positive in a sense that the average, highest, and lowest quality of directors on each
boards are higher where the firms are larger. Second, it might be that there simply are
more good candidates for directors than there are good firms. Then, many bad firms will
have good directors. However, Brickley, Linck and Coles (1999) and Lee (2007c¢) show
that the ex-CEQ’s of big firms tend to have more outside directorships, which implies
that good candidates are scarce in a director market. Suppose there are 30 big companies,
and each of them has one CEO and one retired CEO who hold 2 outside directorships.
That makes a supply of 120 directors. If each firm would like to have 6 outside directors,
that creates a demand of 240 directors. Third, the quality measure might be noisy or
incorrect. In this paper, I assume that the CEO’s who are running or have run big firms
are "high-ability" ones, but, for instance, the accounting performance (ROA and industry
adjusted ROA) and the stock return during CEO tenure are two possible alternatives.
Lee (2007c) analyzes directorships held by 250 CEOs who retired during 1998-2002 in
the two years after retirement. He finds that the firm size (total assets) in which CEOs
worked before retirement is directly related to the number of outside directorships,® but
the accounting performance (ROA and industry adjusted ROA) and the stock return
during tenure do not have a significant effect on it. We can interpret that the firms
prefer retired CEOs from large firms as outside board members or the size of a firm
matters more as an indicator of quality in the market for corporate directors.

The rest of the paper is organized as follows. Section 2 provides a brief review of
the related literature. In section 3, I develop an intertemporal searching and matching
model. Section 4 shows the numerical analysis. I summarize concluding remarks in

Section 5.

2 Related literature

2.1 The matching/searching and matching

Gale and Shapley (1962) study the classic matching problem in the marriage market.
They assume that each part (man and woman) ranks counterparts based on idiosyn-
cratic preferences and show that there always exists a stable assignment equilibrium. In
contrast, this paper assumes that both parties have the same preference order. Both
parties only care about the quality of counterparts. They simply prefer high quality to
low quality. McCall (1970) develops the intertemporal searching and matching model in
the labor market. He sets up the model of a representative agent who lives forever and

uses a sequential search technique to explain the determination of reservation wage. I

3Brickley, Linck and Coles (1999) also show that the firm size in which CEOs worked before retirement
well explains the number of outside directorship held by CEOs 2 years after retirement.



also analyze the determination of reservation quality level based on the intertemporal
searching and matching framework, but both parties in the matching market are hetero-
geneous and well-ranked in terms of quality. Gabaix and Landier (2008) propose a simple
competitive assignment model to explain CEO compensation. They assume that CEOs
have heterogeneous talent levels and are assigned to firms competitively. The managerial
impact of a CEQ’s talent increases with the value of the firm under his control. Under
these assumptions, they find that the best CEO goes to the largest firm and a CEO’s
pay increases in the size of firm and of an average firm in the economy. Their empirical
finding supports these predictions. In this paper, I study the matching problem in a
frictional director market. The vacancies for the outside directors are assumed to be

randomly opened over time.

3 Model

I develop an intertemporal searching and matching model in which potential candidates
for outside directorships live forever and are risk neutral. Based on Gale and Shapley
(1962), McCall (1970) and Gabaix and Landier (2008), I construct the basic setting.
There are m number of potential candidates for outside directorships with a well-ordered
quality level, ¢¥,,. k denotes the ranking of his quality level in the pool of potential
candidates. There is no possibility that ¢, = q%ew when 7 # j. I assume that the num-
ber of potential candidates, m, is time-invariant on the steady-state, which means that
the inflow into the potential candidates pool is equal to the outflow from the potential
candidates pool. I also assume that the quality ranking of each potential candidate is
time-invariant on the steady state.

At each time, the n number of firms each creates one vacancy for an outside director
position. The n number of vacancies for an outside director position are randomly created
in that the quality of firms, ¢y, 4 is randomly drawn from a non-decreasing and continuous
distribution F(qs) on [0, gy]. Also, F(0) = 0 and F(gy) = 1. The distribution for the
quality of firms is well dispersed so that there is no possibility for q} = qjc when i # j. ¢
and j denotes the quality ranking of firms. All firms have a strictly ordered preference
over the quality of a candidate, say, ¢, = @2 = @ew--- Also, all candidates have a
strictly ordered preference over the quality of firms, say, q} - q]% - q?

The stage is set for the following. At first, all firms make an offer to a favorite
one (the first-ranked candidate). The first-ranked candidate rejects all but his favorite
one and decides whether to accept this favorite offer or also reject this to allow for the
possibility that a better offer may come along later. In the second stage, those firms who
are rejected give offers to their second choice. The second-ranked candidate iterates this
process. If m < n all potential candidates will eventually have received an offer and made

decisions. If m > n only the first n number of potential candidates will have received a

*We can interpret the quality of a firm in three different ways: (1) the ranking of a firm in the economy,
(2) the quality of a CEO, and (3) the size of a firm. The functional form of distribution F'(gs), depends
on interpretations.



certain offer and made a decision.® Below, I will focus on the steady state equilibrium in

the latter case.6

3.1 The value function

If a candidate with the quality ranking k has a favorite offer in the first n number of
job opening denoted by g ¢, then he will make a decision whether to accept or wait
for a better offer in the future. Neither quitting nor firing is allowed. At each period,

a candidate chooses a strategy to maximize E ) ;7 ( tys, where y; is the reputation

1
==
value from working as outside director depending on g, y. The Bellman equation for the

candidate’s problem is

1
Vo) = max { Va0,V () = BV (dh ) |
1+~
where V(g ¢), V*(qr,r), and V" (k) denotes the value of having an offer g, s in hand, the
value of accepting a current offer, and the value of rejecting a current offer, respectively.
9 s the offer in the next period. Then, the solution will be

V(k) = T EV(q}, ) if grr < qf

Vgr,f) =

cut

Vi ar,r) if ar,r = ai

cut

where g ¥ is the cutoff quality with the property that a candidate should accept an
cut cut

offer qi.r > qj f and reject an offer g r < ¢ - More specifically, the value function of

accepting this offer is given by

1
ye — 4+ e
(ar,r) = y(qr,s) Ty (qx.r)

The flow value for a candidate who will serve as an outside director on boards with
quality level gi s denoted by V(g r) equals the sum of the flow return, the reputation
value from working as outside director y(qx,r) plus the discounted expected flow value

defined by ﬁV“ (qr.f). We can rewrite above equation by

(1 +v)y(qr.r)

Vi qr,r) = S

(1)

®Suppose there are n number of job openings and n + 1 number of potential candidates. Then, the
n + 1" ranked candidate will get an offer only if at least one of the candidates ranked higher than him
rejects an favorite offer. In general, we can not guarantee that all potential candidates will have received
an offer.

®The reasons are that: (1) this model can generally guarantee that the first n number of upper ranked
candidates will have received an offer and made a decision, and (2) I want to focus on the cutoff level of
highly ranked candidates in the pool of potential candidates.



where the reputation function y(gs, r) is increasing in g ¢ and y(0) = 0. The value from

rejection is defined by

1

Vr(k) = mEprobk,q;ﬁf [maX {Va(q/,f,f)v Vr(k)}]

The value for a candidate of quality ranking k who waits for a better offer is denoted by
V7 (k) which equals the return from waiting and drawing again. Here, the expectation
operation (F) is with respect to two components. One is the probability of successful
matching with a better position denoted by prob* and the other is the value of the offer
in the next period q;% 5 In this model, all candidates have a well-ordered quality ranking
and "take or leave it process" at each period mainly depends on their ranking, so that
the probability of successful matching with a better position in a next period prob* plays
a crucial role in determining the policy. More specifically, the value of the rejection is
given by

prob* (g, ; > 4" Ey V(g )]

k
1 of

Vi) = @

+ (1= proth(ah g > ap) VI (R)

where the expectation is only with respect to qfc, 2 The value for a candidate with quality
ranking k who waits for a better offer is denoted by V"(k) equaling the discounted
expected value from getting a better offer, qfﬁy F2 qg“} , in the future, which is defined by

probt* (g ; > @D Ey [V (ahs)]

/
k. f

1+~

plus the discounted expected value from rejection denoted by

m <1 - probk(qu > q/!?b) V'(k)

cut

probF (qp, F 24 f) denotes the probability that the kth ranked candidate may get a better
offer, g, ;2 q?f}, in the next period. In other words, prob* (qp., ;P2 q,ﬁ“ft) represents the
probability of successful matching with a better position than his cutoff quality. The
probability function has the following property.

0 lf qcut — W
'I"Obk 1> gtuty — k,f
p (Qk,f Z Qk,f) { 1if qﬁu; —0

We can rewirite the equation (2) by

(7 + prov®(ah.s = aih)) V7 (k) = {prob*(ai.; = a5 By [V(ah )]}



Finally, we can get the value of the rejection by

(L +7)prob* (g, s > a7 Eq, [V (a5 4)]
<7“ + probk (qp,, 2 g“}))

Vi(k) = 3)

Henceforth, the endogenous cutoff quality level denoted by qcut satisfies the following
condition. iy
ylagp)  problay = 4P Ey [V (g, 0)]

v (r + prob¥(q;, = qi“}))

Rewritting the above equation, we can get

)

:
D = Gt = ) o FREA AL
kvf_ k?f

The left-hand side is the cost of searching one more time when he got an offer, q,ﬁ“}, and

the right-hand side is the expected benefit of searching one more time. The equation
(4) makes the candidate to set q,cC“]’Z to equate the cost and benefit of searching one more

time.

Proposition 1 Let me define the right hand side of equation (4) as

_ v
B(qy) = —prob*(ah s > ai'f) By [V (ak,p)]
(T +prob*(gy ;> qi?f)) |

OB cut
If B(0) > 0 and a;%ﬁ}f) < 0 0n (0,qy), there exists an unique cutoff level, q,ﬁf‘}, 0< qgu]g <
cut

qy, which guarantees that the kth ranked candidate accepts an offer, qi r, if qi,r > Qg

Otherwise, he waits for a better offer in the future

Proof. See Appendiz m

t

First, I focus on the cutoff level of the 1st ranked candidate, qC“ If at least one

job opening out of n number of job openings is drawn from the space above qf“’;, the
1st ranked candidate gets a better offer than his cutoff level in the next period. The
probability that the 1st ranked candidate can get a better offer qf“} <q pSTfis defined

by
n
prob!(ah s > a5'f) = S° OF (1~ Fa)' Flaf'f)y'™ = 1~ F(af)"
where C}' represents the distinguishible permutations of n objects, t of one type and n—t

of another type (binomial coefficient). The corresponding expected value of a better offer

is

75 y(qy 4)
Eq V@1 p)] = / %ﬂq;,f)dqi,f
quf



cut

Henceforth, his cutoff level, ¢f s satisfies the equation (4) as

L.f

! ro (S (1- Parp) Fagr)

t — /
cut cut\n—t af y(q’f)
(o (- ra) gy I "0 s

Then, we can have the following proposition.

Proposition 2 The probability of a successful matching with a better position than qf“f

in the next period, prob! (q) s> qi f) decreases in qC“t and there exists an unique cutoff

cut

level, ai'fs which guarantees that the 1st ranked candidate accepts an offer, qi ¢, if q1,5 >

qf“} Otherwise, he waits for a better offer in the future.

Proof. See Appendiz m

cut

Similarly, the probability that the 2nd ranked candidate can get a better offer ¢§ ¥ <
q s < dr in the next period is

op {Flagh) - Flagh } Flagy!

t
prob(ahy > a5 =4 + 0L 0 (1-F(ag)) Pl if 0 < a5 < a5

t
[ 2 OF ( (CJS“})> Flgg" )" "if of"f < a5% <ar

Suppose that his cutoff level is below the cutoff level of the 1st ranked candidate. If only
one job opening is drawn from the space between qC“t and qf“t the 2nd ranked candidate
gets this offer because the 1% ranked candidate will reject this one. The probability and

expected value of a better offer for this case is given by

cut
on {F cut cut }F cut d a1,f y( f)f( / )d/
1 q1 f F(q3 f ds f Yan 4z r)aqs ¢

a7

Whatever his cutoff level is below or above the cutoff level of the 1st ranked candidate, it
is clear that if at least two job openings are drawn above qguf, the 2nd ranked candidate

will get a better offer. The corresponding probability and expected value of a high offer

)

is

~ cu by 7 y(gh
STor (- F(gs) Fgsim cmd/ L= f(dhg)dd 5
_ q

T

Therefore, his cutoff level, qguf , solves to

10



where
( cut qf?ft y(qéaf) ! ’
(rtrup-raper )l 2 o,

T+C} {F qf“f —F(g5"H) } F (a5 )™~

a7 y(dh ¢)
(s cr(1-Fag'h) Flagi)m ")« qgfuft 207 f(qh, )dds, s

+
,y_,’_zzl 2cn(1 F(qcut ) F(qcuft)n—t
T _
V(2)_ h 0< cut< cut
whnen > 43 N q1 N
a5 vldh ¢)
(Sea O (1 last) Pl )l "4 e, )t

’Y+Z Cn(l F(qcut ) F(qcut) —t

cut cut

when ¢y < ¢5'F <Gy )

The proposition follows.

Proposition 3 The probability of a successful matching with a better position than qgf‘},

pron(qéf > qguf) decreases in qguft and there exists an unique cutoff level, qguf, which

t

guarantees that the 2nd ranked candidate accepts an offer, qa ¢, if qo,5 > qcu Otherwise,

he waits for a better offer in the future.

Proof. Omitted. m

3.1.1 The probability of successful matching

Below, I generalize the probability function” that the kth ranked candidate (3 < k < n)®
can get a better offer than his cutoff level, prob” (9% f2 qC“t) to find the cutoff quality
level of the kth ranked candidate by a numerical method. The cutoff quality level of the
kth ranked candidate q,ﬁ”} satisfies the equation (4) given by

y(q;ﬁ“}) . cut
(r + prob*(q;, ; > ai'f)

)probk (k. > a8 Eqy [V (dh p)]

Case 1: 0 < qC“t <M m[q”jf] First, I consider the case that 0 < qC“t <M m[q]”jf]

where M m[qjc“ft] is the minimum cutoff level among all higher ranked candidates’ cutoff
levels than kth ranked candidate, j = 1,2, .....k — 1. If all candidates with higher ranking
than k have an unique cutoff level, then the probability that the kth ranked candidate

"You can see more details in Appendix.

8 As I mentioned before, I will focus on the cutoff level of the first n number of candidates in the pool
of potential candidates because we can generally guarantee that the first » number of candidates will
surely have received an offer in this model.

11



cut

can get a better offer ¢;, 7> ey is defined by
prob* (i, > ai'f) = GRA(ai'f) + GE(ai'f) + Gh(af) if 0 < g} < Minlg5f] ()

where

k—1 k—i

Ghiap) = X 3 i (F (2= 0" Minka)) - F (2 Minigz§))

1=z t=2z—1

)

t .
« (1= F((z = 1" Minlg])) Flggp)n ==

+ S0 (F (G- v minlgf]) — F (- 2" Minfg¥))) ) g

where z = 2,...,k—1

Ghans) = Ot (F (G — " binlg]) — F ((k — 2" Minfg))) Flagep+

and

n
¢ .
Ghai) = > (1= F(aip)" Flagp)™*
t=k
Notice in Gﬁ(q,ﬁ“}) and G’é(qg“}) that
0" Min[gf*] = ¢5f
Mm[q;”}t] = 18tMin[q§flf]

and
(k — 1) Min[¢Sf] = Maz[¢54]

where M m[qj}‘ﬁ(: 15t M m[qjcf;f]) is the minimum cutoff level among all higher ranked

candidates’ cutoff levels than kth ranked candidate, j = 1,2, .....k—1, and (k—1)"" M m[qjcqu]
is the maximum cutoff level among all candidates. Also, 2t M in[g§'f] is the 2" minimum
cutoff level among qﬁf, i=1,2,....k—1.

The interpretations of Gi(q,ﬁf‘}), Gé(q,ﬁ“}), and G%(q,ﬁ“}) Even though less than
k job openings are drawn from the space above q}?f}, there is the possibility that the k"
ranked candidate will get a better offer in the future. G’g(qz“;) and Gg(qg“;) show the
probability that these cases would occur. For instance, if only one job is drawn from the
space between q,‘é“; and M m[q}zuft} and other n — 1 job are drawn from the space below
q,?f}, the k" ranked candidate will get a better offer in the future because all candidates
ranked higher than the k" ranked one will reject this offer. Let me show the process
explicitly. Only one job, q}, is drawn from the space between q,ﬁ?} and M m[qu‘ﬂ Then,
all candidates ranked higher than the k** ranked one will reject q} because q} is below

their cutoff level. Since q} is above the cutoff level of the k** ranked one, he will accept

12



q} . In this sense, the k*" ranked candidate will get a better offer than his cutoff level
in the next period. We do not need to take into account n — 1 jobs drawn from the
space below q?f} because all the first &' ranked candidates (the first ranked one~the k"
ranked one) will reject these offers. Suppose only two jobs are drawn from the space
between M m[qjcjjf] and 2"¢ M m[qjcjjct] and other n — 2 job are drawn from the space below
q,‘é“} Then, he can also get a better offer than his cutoff level because all higher ranked
candidates except the candidate who has M m[q]”jf] quality level will reject these two
offers. There are many different cases which guarantee that the k* ranked candidate
will get a better offer in the future even though less than k job openings are drawn from

the space above q,ﬁ“} More explanations are given in the appendix. It is straightforward

that if at least k jobs are drawn from the space above q,’i“; , the k" ranked candidate gets
a better offer. G’B(q,ﬁ“}) shows the probability that this case would occur. Now, I will
show a more explicit form of the expected flow value of getting a better offer,

prob® (g, > 4 Eg [V (g, if 0 < ai'f < Min[g5y]

/
k. f

in Equation (4) by

prob(qhy > ai'DEy V()] = GA(al") * BaV(dh.s) + GE(ai) * oV (. p)

+Gh(ai'f) * EpV(ap) if 0 < af'f < Min[q5'f]

where
(z=1)*" Min[q5"/] y(q’ )

EAV(qyy) = /

_9\th ; cut ’
(2—2) Mzn[qj’f] Y

(k=) Minla3f] y(q; ()

EcV(qys) = / far, ) day s

(k—2)th Min[q§"] v

and 7 y(d )
7y 4,
EpV(qyy) = / Tff(%,f)dq/'f,f
qk, f
EAV4q ), EcV(q, ;) and EpV?(gj, ;) represent the expected flow value of a successful

cut

matching with a higher quality position than Dot which are mapped with the expected

range of g, ,, respectively.

cut cut

Case 2: Mzn[q]m}t] < q,f;“]f < @y Second, I focus on the case that Min[qu] < g <

qy,where Mm[q;f‘f] is the minimum cutoff level, j = 1,2, .....k — 1. By a similar method,

the probability “that the kth ranked candidate (k > 3) can get a better offer, 9 P> q,‘é“; ,

9See Appendix for more details.
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is defined by

prob*(qi.; > ¢ (6)
Gh(ai'f) + G (aih)

when (z — 2)thMin[q;f’f}t] < g < (2 - 1)thMin[q§7“f], z2=3,...k—1

= G&(ai'p) + Gllagy)

when (k — 2)thMin[q§f}t] < qi“} < (k- l)thMin[q]C-}}t] = Ma:v[qjc-f}t]

G’}{(qg“}), when q,i“} > (k— 1)thMin[q]C-f‘]f] = Mam[qjc-}}t]
where
. i—1
Sl en (F (= v Minlg]) - Flegh)
t .
Glaif) = « (1= F((z = )" Minlg])) F(gg)yr——++1
t
k— . _
+ YL Cp (PUR)™ Minlg) - F(agh)) Flagsy
Ge(af) = Gy (F (k= )" Minlg?f) = F(ai'f)) Flagp ™+
and

Gl = Y- OF (1~ Fih) Pl
t=k
Notice in G (gf"f) and G (qi") that
0" Min[g5] = gi*f
Mm[qjmjf] = IStMin[q]C-Zf]

and
(k — 1) Min[¢5'f] = Maz¢5f]

where Min[q5*](= 1% Min[¢§f]) is the minimum cutoff level among all higher ranked

candidates’ cutoff levels than kth ranked candidate, j = 1,2, .....k—1, and (kfl)thMin[qgljf]
is the maximum cutoff level among all candidates. Also, z!"M m[q]c}}t] is the z* min-

cut

imum cutoff level among 4Gy, J = 1,2,....k — 1. When k£ = 3, we do not have to take
into account the first range which is (z — 2)"*Min[g5*%] < ¢} < (z — 1)"Min[¢5*}] in
the equation (6).
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The interpretations of G’}(q,ﬁ“}), G’é(q,ﬁ“}), and G’I‘g(qgu}) Suppose that the
cutoff level of the kth ranked candidate is on M m[qjcuft] < qg“} < M)\ m[qjc%] Only

two job openings are drawn from the space between qg“} and 2" M m[q;”jf] and another

n — 2 jobs are drawn from the space below q,ﬁ“} Then, he will get a better offer because

all higher ranked candidates except the candidate who has M m[qjcfjct] will reject these
two offers. We can generalize these cases in the following manner. Even though less
than k job openings are drawn from the space above q,ﬁf”;, the kth ranked candidate
(k > 3) can get a better offer when at least two job are drawn from the space between
q,ﬁ“} and 240\ m[qjmjf] Also, suppose that the cutoff level of the kth ranked candidate
is on 2"\ m[q]“}t] < q,ﬁ“} < 3riM m[qjm}t] Only three job openings are drawn from the

space between 2" M m[q;”jf] and 3" M m[q;”;?] and other n — 3 jobs are drawn from space

below q,ﬁ“} Then, he will get a better offer because all higher ranked candidates except
the candidates who have M m[q]“]‘f] or 2"\ m[q]“?t] will reject these three offers. Even
though less than &k job openings are drawn from the space above qgf‘]f, the kth ranked
candidate (k > 3) can get a better offer when at least three jobs are drawn from the
space between 2"\ m[qj”jf] and 3" M m[qjm}t] We can iterate this process to find the
probability function. Under the assumption of M m[q}ﬂ}t] < q,ﬁ“; ) G%(q,ﬁ“}) and G’é(q,ﬁ“})
show the probability that the kth ranked candidate (k > 3) can get a better offer than
his cutoff level in the next period even though less than k job openings are drawn from

the space above q,‘;’“}f . It is clear that at least k number of job openings are drawn from

the space above q,f;“]f, then he will get a better offer. G’}{(q,ﬁ“}) provides the probability
function of this case. Similarly, we can find a more explicit form of the expected flow

value of getting a better offer, probk(q,‘é”f;)EV“(qu?h), (k > 3) in Equation (4) by
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prob (qkf > QJ?M;)EVG(Q%J)

cu (Z 2)"" Min[q5"f] y(q}, ;)

f

cu y(ay, ;)
+G (g * { qzu; ﬁff(qz,f)dqé,f}

when (z — )" Min[¢5] < g5} < (z = 2)"" Min[¢], 2 =3, ...k =1
(k1) Minfg2™) y(a] ;)

cu Y(%ks)
+G(aif) * { qcu} qkff(Qkf)kof}

when (k — 2)thMin[q]m}t] q,‘;“} < (k- l)thMin[an}t] Ma:n[qj“}t]

. d.,)
Gl (ag) * { qiuftyqﬁf f(qz,f)dQL,f}

\ when qcujﬁ > (k —1)"Min[q C“t] Maac[q]“jf]

4 Numerical Analysis

4.1 The quality of a firm: an uniform distribution

Here, I propose a numerical analysis. As I mentioned above, the cutoff quality levels

satisfy the equation (4) which is given by

~
y(gif) =
cut )

k(. cut ars /
(7 +prov¥(gy; > g )pmb (s 2 4 By, V" (Ghp)
k’-f - k7f

For instance, the cutoff level of the first ranked candidiate solves to

CU t CU n ( )
<Zt 1 CF ( F(qf f)) qlf t> ch{n ’ ql = ,f)dqll,f
1)’ ¢
v (Staer (- rap) Fasg)

cut

y(‘]k;,f) =

To calibrate the cutoff levels, we need the functional form for the reputation value gen-
erated by outside directorships y(-) and the distribution of firm quality F(-). Also, we
need the value for a discount rate, v and for the number of job openings at a given time,

n. Table 3 shows the functional form and the baseline value for v and n.
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Table 3 the functional form and the baseline value

v(q,) :the reputation value generated by outside )
e - wWq,)=4q,
directorships

F(q,): the distribution of firm quality uniform distribution on

[0.1]
Y discount rate 0.05
1 © number of job openings at a given time 30

I assume that the reputational value function, y(qs), is linear in the quality of a firm
and the distribution of firms’ quality, F(qy), follows an uniform distribution on [0, 1].
Here, we can interpret the quality of a firm as the ranking of a firm in the economy. The

results of calibrations are shown in Table 4 and Figure 1.

Table 4 the cutoff firm guality level of candidates for outside director with an
uniform distribution

Cutoff level: firm ranking (Given

R(m/’(_mg of (,1f.{qﬁ’_ievel : firm N=3500), N: Total number of firm in
candidates ranking in percentage
the economy

I Lower 40% 300

o Lower 40% 300

3 Lower 40% 300

4th Lower 40% 300

Sth Lower 40% 300

= Lower 40% -
1o (39.9988%) 300

= Lower 40% -
L (39.9961%) =300

= Lower 40%
. ~
12 (39.9885%) 300

20th Lower 36.61% ~315

25th Lower 24.98% ~375
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Figure 1 the cutoff firm quality level of candidates for outside director

o C* denotes the kth ranked candidate’s cost fimction of one more searching

o B denotes the kth ranked candidate’s expected benefit of one more

searching

o The intersections represent the cutoff level of candidates

=]

w

Cutoff level of the 1* candidate~ 10"
el of the 20™ candidate

95

Table 4 shows the cutoff quality level of candidates for outside directors based on the
functional forms and baseline value given in Table 3. The cutoff value of the first-ranked
candidate is 0.4 (lower 40%). If there are 500 firms in the economy, this value represents
the 300th ranked firm out of 500 firms. The cutoff-levels of high-ability candidates (say,
1st712th candidates) are approximately the same because the difference in the probability
of a successful matching with a better offer in the future among high ranked candidates
is arbitrarily small in the middle and low range of firms’ quality q;. From the viewpoints
of highly ranked candidates, if the quality of a current offer is relatively low, they expect

that they would get a better offer in the future with the probability almost close to

1. Figure 2 shows the probability of successful matching in the future by the rank of
candidates.

Figure 2 the probability of successful maiching in the future by the rank of
candidates

o Given a current offer, q,, each graph represents the probability of
successfil matching with a better offer in the future

o [k denotes the ranking of candidates

1 < N —

i \ =i \
0.9 \\ k=Iq \

i \

I \ k=20 \
0.6 \ \
0.4 I“‘\k:jﬂ \\\ \ “‘l‘

[ \ |
0. 2’ \\\ I‘

\ A\ \ |
N N . \
0.2 0.4 0.6 0.8 1
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Table 5-A shows the sensitivity of the cutoff level to the change in a discounted rate,
~. In the case of the first-ranked candidate, the cutoff level decreases in a discounted
rate. The interpretation is clear. As the candidate becomes less patient, his cutoff level
decreases. Table 5-B provides the effect of a change in the functional form of reputation
value generated by outside directorships on the cutoff level of the 1st ranked candidate.
When y(qf) = q]%, the cutoff level is the 240 ranked firm over 500 firms in the economy,
which is compared to the 300 ranked firm in the linear form, y(qs) = qy. Since the
marginal reputation value increases in ¢y under the functional form, y(qs) = q]%, the
highly-ranked candidates would be more likely to wait for a better offer in the next

period.

Table 5-A the sensitivity analysis: the effect of change in a discounted rate on the
cutoff level of the 1° ranked candidate for ontside director

Y : discount Cutoff level : firm ranking in Cutoff level: firm ranking
rate percentage (Given N=500)

0.05 = Lower 40% =300

0.1 ~Lower 38.7% =300

0.15 =Lower 37.4% =314

0.2 =Lower 36.2% =320

0.25 ~Lower 35.1% ~324

0.3 = Lower 34.01% =330

Table 5-B the sensitivity analysis: the effect of change in the function form
_1"(9 : ) on the cutoff level of the I ranked candidate for outside director

y(q BE Cutoff level : firm ranking Cutoff level: firm ranking
reputation value in percentage (Given N=500)
q Lower 52.2% =240

4.2 The quality of a firm: an extreme value distribution

Here, I assume that the quality of a firm, F(qs), follows the extreme value distribution
infered by Gabaix and Landier (2008).'9

'0Gabaix and Landier (2008) show that the density of talent ¢, left of the upper bound Tiax, is

_ 3B’
)

f(®) (Trmax — T)%7 for t close to Tmax

so, I approximate the upper tail distribution of firms’ quality F'(qs) by

1 . S
F(q;) = —B'(q5 —qs)% + 1 on [0, g7, F(0) =0 and F(g7) =1
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Table 6 the cutoff level of candidate for outside director with an extreme valne
distribution
o F(gq,) follows the distribution of CEO talent inferred by Gabaix and
1

Landier (2006): F(q,)= —B' (E—qrf)3 +1, on [0, ;]

Ranking of Cutoff level : talent level S'_”mﬁ. ]e‘f"- Jirm ranking ((m:ef?
. N N=500), N: Total number of firm in
candidates of CEQ in percentage :
the economy

Ist =~ Lower 44% (43.58%) =280

o =~ Lower 44% (43.58%) =280

3 = Lower 44% (43.58%) =280

4th & Lower 44% (43.58%) & 280

Sth X Lower 44% (43.58%) =280

10th =~ Lower 44% (43.58%) =280

20th & Lower 40% (40.03%) X300

25th =~ Lower 30% (30.41%) =350

Table 6 provides the cutoff level of candidates for outside directors by the ranking under
the assumption that F'(¢f) follows an extreme value distribution.In this case, I also use
the linear form of the reputational value, y(qf), and the baseline value for v and n. If
there are 500 firms in the economy, the cutoff level of the first ranked candidate is the
280th best of 500 firms. Overall, the high-ability candidates (say, 1st™25th candidates)
would be willing to accept an offer from lower 30%~44% firms. (280th~350th best of 500

firms)

5 Conclusion

I construct a matching model ("take it or leave it offer") in a frictional directorship market
to explain the (observed) unbalanced match between the quality of outside directors
on boards and the firms. My calibration shows that if the firm’s quality follows an
uniform distribution, the best candidate would be willing to accept an offer from the
lower 25% firm (e.g., 300th best of 500 firms), and the high-ability candidates (say, the
1st725th ranked ones in my calibration) would be willing to accept an offer from the
lower 25%740% firms. Also, the best candidate would be likely to accept an offer from
the lower 30% firm, and the high-ability candidates (say, the 1st~25th ranked ones in my
calibration) from the lower 30%~46% firms under the extreme value distribution. This
calibration could explain the observed facts that the highly qualified candidates (the

1st725th ranked directors, upper 0%~ 5% in my sample) are sometimes matched with
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lower 25%749% ranked firms, and, more broadly, the 1st“50th ranked directors (upper
0%710% in my sample) with lower 20%~49% firms.
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6 Appendix I

Proof.

of the Proposition 1: By assumption, y(0) = 0, y(gf) > 0, and y(qkf

cut) is

cut

increasing in gj, 'f, S0 there exists an unique cutoff level. m

Proof. of the Proposition 2: (1) B(0) = O(Tfmf(qif)dqif > 0 and (2)

5

a7 vlay )
prob! (df ;>a5"f) fuft L f(a), 5)dd

o<r
r+(prob(a; (>a5"))
0B (qf“t) ' '
.f
aqfu; aqcut

aprobl(q'lyf>qff‘}) vl L, , 1 cut CD)
ous fcu; o fd) p)dd; ;| +probt(df ;>ah) | =551 (dh p) ) ¢ {rtprobt(d) ;>a5)}

91
=r
{7"+prob q; Jc>q“‘t)}
( dpro 1( ’ cut)
prob!(¢; ;>a5") Jo qi L Flay,)day 5 <W>
-r ; 12 :
{r+prob1 (quf >q{"ft)}
dprob! (¢} f>q1f qu y(ay,f) )d + prob! ( cut) _y(qll,f)f( / ) r
—cut qfl,uft ~ dy ¢ p qlf ay.f ~ ay.f
= T 3
{r + prob! (¢} 5> qf“})}
y(d) ;)
{probl(qi,f > qi%) ( —Lfa ))}pmb (q1,7 > CJf“f)
+r

2 —
{7’ +probt(qy ; > Qf“})}

Then, the proposition 1 is satisfied, which implies that there exists a unique cutoff

level. m

7 Appendix II: The probability that the kth ranked can-

didate can get a better offer, prob” (q}c > Qo

cut )

Here, I show how to derive the probability that the kth ranked candidate can get a

better offer, g, g q Let me explain the outline by showing the case of the

candidate.

Case 1

5th ranked

1. Suppose that his cutoff level, qguf, is less than the minimum cutoff level of all

higher ranked candidates, qc“t <M m[qf“} , qguf, qguf, qi“}] Then, if at least five job

openings out of n number job openings are drawn from the space above qg“]f, he
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will get a better offer in the future. The probability of this case is that

n

t _
probi(eEf) = . C(1- F(gg) Pl
t=>5

where Cf' = < Ttl >

where C}' represents the distinguishible permutations of n objects, t of one type

and n — ¢ of another type (binomial coefficient).

. From here, suppose that less than 5 jobs are drawn from the space above qg“; If only

four job openings out of n number job openings are drawn form the space between

cut cut ,cut cut ,cut ,cut ,cut cut ,cut ,cut ,cut

3TdMi”[Qf?;a 43 5,43 > Q4,f] and 4thMin[q1,fa 43 5,43 > (J4,f] = Ma:n[ql’f, 43 5-43 ¢> Q4,f]a
he will get a better offer because the candidate who has the maximum cutoff level

will reject all offers. The probability is
5/ cuty __ ,m . rd . 4 cut\n—4
proby(gs.y) = Cf (F(Maz) — F(3""Min) ) F(qs5f)

. If three or four job openings are drawn from the space between 2™ M m[qf“f, qgf‘;, qgfﬁf, qj“f]

cut ,cut ,cut

and 3"sz'n[qf“]f, Q5.f+ 5 7+ 4 f], then he can also get a better offer with the prob-
ability

5 cut n rd . nd . 3 cut\n—3
prob; (q57f) = (5 (F(?) Min) — F(2 Mm)) F(q5,f)
n rdAfin) ndrs 4 cut\n—4
+Cy ( F(3™Min) — F(2""Min) ) F(q5%)

3 1
+Cp, (F(srde) - F(znde)) + (F@) - F(3’"de)) F(gg™)m*

n
n —
where Cy), = ) )
a,b,nmn—a—
cut cut ,cut cut}

because both candidates who have the maximum cutoff level and 3"¢M in[qL o g a5 g f
will reject all offers in the case of the first two terms in the probability function and
one of them will reject all offers in the final case. Cj') represents the distinguishible
permutations of n objects, a of one type, b of second type and n — a — b of third

type (multinomial coefficient).

. If two, three or four job openings are drawn from the space between M m[qf“}, qgf‘}, qgf‘;, qj“f]

cut cut ,cut cut ,cut ,cut ,cut

zlstMin[qi“f,qu,q&f,q4,f] and 2"sz'n[q17f,q27f,q37f,q47f], then he can also get
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a better offer with the probability

2
probi(as’f) = Cg (F(2"Min)— F(Min)) F(¢5f)"
n ndr. ; 3 cut\n—3
+Cy (F(2"Min) — F(Min)) F(¢5'f)
n ndar. . 4 cut\n—4
+Cy (F(2"Min) — F(Min)) (')
2 1
+03, (FMin) — F(Min)) « (F(g5) — F@"Min)) F(g5)"?
2 2
+C3y (F(2"Min) — F(Min)) "+ (F(a7) - F(2"Min)) " F(g5'f)"™

5. Finally, if one, two, three or four job opening are drawn from the space between

cut ,cut ,cut ,cut cut cut cut ,cut

g’ and Min[qf"f, 45", 45, a5 =17 Min[qi"4, 45, a5, ¢5"f], then he also can get
a better offer with the probability

CU n . CU 1 cut\n—
p'r’obZ(q;,,}) = Cf (F(Mm) - F(%,})) F(%,f) !
n . cu 2 cut\n—
+C3 (F(Min) — F(%;)) F(%,f) 2

mn - CU 3 cut\n—
+C3 (F(Mzn) - F(%;)) F(%,}) s

4

+CF (F(Min) — F(q5")) " F (5"

+Cf (F(Min) ~ F(gg'h))" + (F(@p) — F(Min))' F(a5f)"
+C1y (F(Min) — F(g5)" = (F(ay) - F(Q”sz'n)>2 Fgg)"*

+C'y (F(Min) — Fg§')" * (F(q7) — F(Min))® F(q5")"*

Case 2

cut cut ,cut cut ,cut cut cut cut cut ,cut

1. Suppose that ¢g'; is on Min[q{"}, ¢5'F, 45", 45'}] < g5 < Q"dMin[ql’f, 45+ 45" 44'7]
and less than k job openings are drawn from the space above qg“]? Then, if two,
three or four job openings out of n number job openings are drawn from the space

between his current offer and 2"¢ M in[qf“}', qguf , qguf, qZ“}'], he will get a better offer.
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The probability is that

2
probi(¢i) = O (FMin) — F(5%)) Flgg"?
3
+C3 (F(2"Min) — F(¢5)) " F(ag)"
n ndar: cut 4 cut\n—4
+CF (F(2 Min) — (q5f)) F(gs5)"
2 1
+C3 (F"Min) - P(5)) + (F(ap) — F(2"'Min) F(g5f)"

2 2
+C3y (F2"Min) ~ F(agh)) + (F(ap) - F(2"'Min) F(g5f)"

2. Also, if at least five job openings out of n number job openings are drawn from the

cut

space above 555 he will get a better offer in the future. The probability is that

prob; (gs.s) th (1= F(as')" Flagih™™

Case 3

1. Also, suppose that less than 5 job openings are drawn from the space above qguf .

In this case, if three or four job openings out of n number job openings are drawn
from the space between his current offer and 3"¢\/ in[qf“}, qgujf, qguf, qi“f] he will get
a better offer with probability

3
probi(gs;) = Cy (F(3’de)—F(q§“})) F(gsH)"?
n rd g cut 4 cut\n—4
+C (F(B Mzn)—F(q5f)> Flasf)"

3 1
+C4, (PG Min) — F(gg'h)) "+ (P(ap) — F(3™Min) F(gg)"!

2. Also, if at least five (k) job openings out of n number job openings are drawn from

cut

the space above ¢¢ F he will get a better offer in the future. The probability is that
proby (¢s'f) = Z i (1= F(gg)" Flagh™

Case 4

1. Also, suppose that less than 5 job openings are drawn from the space above qc“t If
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four job openings out of n number job openings are drawn from the space between
his cutoff level and Mazx [qf“]?, qguf , qg?;, qif‘]?], he will get a better offer with probab-
ility
4 _
prob; (¢s'f) = Cf (F(Mazx) — F(q5'f))” F(asf)" ™

2. Also, if at least five job openings out of n number job openings are drawn from the

space above qg’“}, he will get a better offer in the future. The probability is that
- t
probi(gs'f) =Y CF (1 - F(gg'h) Flagp)" ™
t=5

Case 5 Suppose that Max [qf“} , qgujf , qguf, qfi“}] < qguji5 < qy. In this case, he will get
a better offer in the future only if at least five job openings out of n number job openings

are drawn from the space above qguji5 . It is given by

n
t _
probi(a5'f) =D CF (1= F(g5'f))" Flgs,p)" "
t=5

Overall, the probability that the 5" ranked candidate can get a better offer, qg’ ;2

qguf, in the future is

cut cut ,cut cut ,cut

when gg < Minlgi'y, day, 43 457
proby (¢5if) + proby (a5f)

when M’L'n[q17f7QQ7qu3,f7q4,f S <

cut cut

) = prob2(ggf) + prob (¢5"f)

5
prob’(gs'y
cut ,cut ,cut ,cut cut cut ,cut cut ,cut

2" Minlg7'f, a5 a5 dinf] < a5l < 37Minlaff, a5, 651 4

proby (g5'f) + proby (a5'f)

cut cut ,cut cut ,cut cut

\ prob} (a5f) when Mazlai'f, a5, 45F, di'f] < 457 <5
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Probi(as't) + probj(a5's) + prob3(ag'f) + probs(as's) + probS (a5}

]

)

cut ,cut cut cut] < qcut 2ndM2n[qﬁLf§’ qg?f@7q§#’ qu?

]

3" IMinlqf'f, a5'f, a5 4] < a5F < AT Minlaf'f, a5, a5, a5'f] = Mazlaff, a5, 45'F a5}

]




